Solutions to the exercises

1.1 (a) True: —2 is an integer.

(b) False: 5 is a natural number.

(c) False: 1.3 is the rational number 13.
(d) False: 1 is not a natural number.
(e) True: —n is a real number.

(f) True: 2 is a rational number (7).

1.2 (a) True: 1is a member of the set given.

(b) True: the set {—9} is a member of the set given.

(C) False: the number 9 belongs to the set given,
but the set {9} does not.

(d) False: (0,1) is not a member of the set given.

(e) True: the set {0,1} is a member of the set given.

1.3 (a) {keZ:-2 <k <1000}
(b) {zreR:2<z2< T}

(c) {x€Q:2>0and 22 > 2}
(d) {2n:n e N}

(e) {2¢:k ez}

1.4 (a) I ={(v,y) eR*:y =22 +5}
(b) v

y=1—-=

1.6 (a) V4

Solutions to the exercises

(b) W
\
°N
\
\y=2-2z
\
\
\
i
\ H
(¢ A
(c) (-1 +(y—-2)" =4
b
2,,
(1,2)
1 =

(d)

1.7 (a) {(z,y) eR*:0< <2, 1<y<3}
(b) {(z,y) €eR®:2 >0, y=22%+1}

1.8 (a) The set B consists of the solutions of the
equation

>+ —-6=0,
which we can write as
(x —2)(z+3) =0.
So B=1{2,-3} = A.
(b) A={k€Z:kisodd and 2 < k < 10}
={3,5,7,9},
B = {n € N:n is a prime number and n < 10}
=1{2,3,5,7}.

Hence A # B, either because 2 € B but 2 ¢ A, or
because 9 € A but 9 ¢ B.

1.9 (a) We calculate x — 4y using the coordinates
of each point of A:

5—4x2=-3,
1—-4x1=-3,
—3—4x0=-3.

This shows that each element of A is an element of
B,so ACB.
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(b) The set A is the interior of the unit circle, and
B is the half-plane consisting of all points with
negative y-coordinate. So A ¢ B, because, for
example, the point (%, %) belongs to A but not to B.

1.10 We showed that A C B in the solution to
Exercise 1.9(a). Also, for example, the point (9, 3)
lies in B, since

9—4x3=-3,

but does not lie in A. Therefore A is a proper subset
of B.

1.11 First we show that A C B.

Let (z,y) € A; then x = t? and y = 2t, for some
t € R. Hence y? = 4t? = 4z. So (x,y) € B, and so
AC B.

Next we show that B C A.

Let (z,y) € B. We must show that (x,y) € A. Let
t= %y; then z = in = (%y)2 =12 and y = 2t. So
(z,y) = (t?,2t) € A, and so B C A.

Since A C B and B C A, it follows that A = B.

1.12

Subsets of {1,2,3,4} of size k

@
{1} {2}, (3} {4}

{1,2}, {1,3}, {14}, {2,3}, {2,4}, {3,4}
{17273}7 {17274}7 {17374}7 {27374}
{1,2,3,4}

=W N = O T

The table shows that the set {1,2,3,4} has
1+4464+4+1=16 subsets in all.

1.13 (w)__w!_10x9:5x9:4&

2 ) 218l 2
10 10! 10 x 9 x 8
<3)_3!7!_ 3% =10 x 3 x 4 =120,
11 11! 11 x10x9
<3>_3!8!_ 359 =11 x5 x 3 =165.

Hence <12°> T (130) - <131>.
1.14 (a) <nfk> _ (n_”];)'k, and

<Z’> - #'—@' > <nﬁk) = <Z>

(b) We can interpret the identity as follows.

<Z> is the number of ways of choosing k elements

from n, which is the same as n ﬁ I ), the number

of ways of excluding k elements from n.

60

1.15 (a) (1,7)U4,11] = (1,11].
(b) The domain of f is the set
{reR:2?-9>0}={rcR:z < -3orz>3},
that is,
(—o0, —3) U (3, 00).

(c) v

1.16 (a) (1,7)N[4,11] = [4,7).

(b) v

1.17 (a) (1,7) — [4,11] = (1,4) and

[4,11] — (1,7) = [7,11].
y y
(b) ; /\
) | -3 2 %
\ /
AN _ 4
T —2

H-D D—-H

1.18 (a) False: 0 is not a natural number.

(b) True: 0 is a rational number.

(c) False: —0.6 is a real number.

(d) True: 37 is an integer.

(e) False: 20 is not a member of the set given.

(f) True: the set {1,2} is the same as the set {2,1}.

(g) False: @ does not contain any elements.

1.19 (a) The elements are 3,4,5,6. Note that 2
and 7 are not included.

(b) The elements are —1, —4. These are the
solutions of the equation.

(c) The only element is 5. The equation has two
solutions, —5 and 5, but only 5 € N.



1.20 In each case, you may have found a different
expression for the same set.

(a) {keZ:-20< k< -3}
(b) {3k:keZ, k+#0}
(c) {x €eR:x > 15}

1.21 (a) y

(b)

+ 7‘ 1 + + -

e+ 1P +(y-3)7*=9

(c) v
2,,
——»—02—&—5
y2 = 8z
1.22 (a) v
\
4%
Iy
1 \y=4-3z
1\
\
——To—o—a
3.

The line is not part of the set.

Solutions to the exercises

(b) g
P —— <:\
/ N
/ \
.
\ /
\ /
\\ o
e —:l >

The circle is not part of the set.

(c) v

3

The edges of the square belong to the set.

1.23 (a) (0,0), (0,6) and (—4,6) all satisfy the
equation (z +2)2+ (y —3)2=13,s0 A C B.
(b) The point (1,0) belongs to A but not to B, so

A is not a subset of B.

2?2
(c) If . =2cost and y = 3sint, then T + = =1,

9
so A C B.

1.24 We must first show that A C B. Let (z,y) be
an arbitrary element of A; then 2% 4 4y? < 1. Since
22 >0 for all z € R, this implies that 4y? < 1, and
hence y? < ;. Hence y < 5. Thus (z,y) € B.
To confirm that A is a proper subset of B, we must
show that there is an element of B that does not lie
in A. The point (1, —1), for example, lies in B, since
-1< %, but does not lie in A, since

12 +4(-1)* = 5,
which is not less than 1. Therefore A is a proper
subset of B.

1.25 (a) 1, —1, 2 are the three solutions of
22— 222 —2x+2=0,s0 A= B.

(b) We showed in the solution to Exercise 1.23(c)

that A C B.

2 2
If % + % =1, then (x/2,y/3) lies on the unit circle,

so we can find t € [0, 27] such that x/2 = cost and
y/3 =sint. Hence z = 2cost and y = 3sint, so
B CA.

Since A C B and B C A, it follows that A = B.
(c) The set B contains some negative numbers

(for example, —1) which cannot be expressed as P for
q

p,q € N. Hence A # B.
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1.26 (a) AUB=1{0,2,4,5,6},

AN B = {4},
A-B={0,2).

(b) AUB = (-5,17],
ANB=[23)],
A—B=(-52).

(c) AuB=B,
ANB= A,
A-B=g.

2.1 (a) This is a translation of the plane that
moves each point to the right by 2 units and up by
3 units.

(b) This is a reflection of the plane in the z-axis.

(c) This is a rotation of the plane through /2
anticlockwise about the origin.

2.2 Only diagram (b) corresponds to a function.

Diagram (a) does not correspond to a function, as
there is no arrow from the element 3.

Diagram (c) does not correspond to a function, as
there are two arrows from the element 1.

2.3 The images of the elements of A are
f0)=9, f(1)=38, f(2)=17, f(3) =6, f(4)
f(5)=4, f(6)=3, f(T)=2, f(8) =1, f(

So the image of f is {0,1,2,3,4,5,6,7,8,9} = A

2.4 Only diagram (a) corresponds to an onto
function.

Diagram (b) does not even correspond to a function,

as there is no arrow from the element 4.

Diagram (c) corresponds to a function that is not
onto, as there is no arrow going to the element 1.

2.5 (a) The sketch of the graph of f below
suggests that f(R) = [1, 00).

Y

y=1+m2

Let x € R; then f(z) = 1+ 2. Since 22 > 0, we have

1+2%>1andso f(R) C[1,00).
We must show that f(R) 2D [1,00).

Let y € [1,00). We must show that there exists x € R

such that f(z) = y; that is, 1 + 2% = 4.
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=5
9) = 0.

Now = = /y — 1 is real, since y > 1, and satisfies

f(z) =y, as required. (Alternatively, x = —/y — 1 is

real and satisfies f(z) = y.)

Thus f(R) D [1, 00).

Since f(R) C [1,00) and f(R) D [1, 00), it follows

that f(R) = [1,00), so the image of f is [1,00), as

expected.

The interval [1,00) is not the whole of the codomain

R, so f is not onto.

(b) This function is a reflection of the plane in the

z-axis. This suggests that f(R?) = R?. We know

that f(R?) C R?, so we must show that f(R?) D R

Let (2/,%') € R?. We must show that there exists

(z,y) € R? such that f(z,y) = (2/,y); that is,
=z y=-y.

Rearranging these equations, we obtain

r=a', y=—y.

Let (z,9) = (2/, —y'); then (z,7) € R? and
f(z,y) = («,vy), as required.

Thus f(R?) D R

Since f(R*) C R? and f(R*) 2 R, it follows that
f(R?) = R?, so the image of f is R?, as expected.

The codomain of f is also R?, so f is onto.

2.6 Only diagram (c) corresponds to a one-one
function.

Diagram (a) corresponds to a function that is not
one-one, as there are two arrows going to the
element 3.

Diagram (b) does not even correspond to a function,
as there is no arrow from the element 2.

2.7 (a) This function is not one-one since, for
example,

f2)=f(-2)=1+4=5.

(b) This function is a reflection of the plane in the
zr-axis, so we expect it to be one-one. We now prove
this algebraically.

Suppose that f(z1,y1) = f(x2,y2); then
(w1, —y1) = (22, —Y2)-

Thus

r1 =z and —y; = —yo.
So

Y1 =Y.

Hence (z1,y1) = (z2,y2), so f is one-one.



2.8 (a) In Exercise 2.7 we saw that f is not
one-one, so f does not have an inverse function.

(b) In Exercise 2.7 we saw that f is one-one, so f
has an inverse function.
In Exercise 2.5 we saw that the image of f is R? and,
for each (z/,7') € R?, we have

(xlvy/) = f(l'/7 _y/)
So f~!is the function

R — R

(@' y) — (', =)

This can be expressed in terms of x and y as

R — R

(z,y) — (z,—y)-

(In this case, f~1 is actually equal to f.)
(c) This is a linear function, which suggests that it
is one-one. First we confirm this algebraically.
Suppose that f(x1) = f(z2); then

8r1 + 3 = 8xy + 3,
so 8xr1 = 8x5, and hence x1 = x5. Thus f is one-one,
and so it has an inverse function. We now find the
image of f. We suspect that its image is R, so we
now prove this algebraically. Let y be an arbitrary

element in R. We must show that there exists an
element z in the domain R such that

f(x)=y; thatis, 8x+3=y.
Rearranging this equation, we obtain
y—3
r="—.
8

This is in R and satisfies f(z) = y, as required. Thus
the image of f is R.
Hence f~! is the function
ffL:R—R
y—3
v
This can be expressed in terms of x as
ffL:R—R
z—3
g

T —

2.9 (a) The function
g:[0,00) — R
is a restriction of f that is one-one.

(There are many other possibilities.)

Solutions to the exercises

2.10 (a) The rule of go f is
(g0 f)(x) =9g(f(x)) = g(-2)
=3(—xz)+1
= -3z + 1.
Thus g o f is the function
gof:R— R
r— =3z + 1.
(b) The rule of fog is
(f 0 9)(@) = Flg(x)) = F(3a+1)
=—(3x+1)
=3z — 1.
Thus f o g is the function
fog:R— R

r+—— —3z — 1.

2.11 The rule of fogis
(fog)(x,y) = f(9(x,y)) = f(—2,y)
Thus f o g is the function
fog:R* —R?
(.%,y) — (_‘7;7 _y)
(In this case, fog=go f.)

2.12 Therule of go f is
(gof)(@) =g(f(zx)) =983z +1)
3

(Bx+1)+2
1
r+1

The domain of go f is
{ze[-1,1]: f(x) e R —{-2}}.
If x € [-1,1], then f(x) € R — {—2} unless
f(xz) = —2. Now f(z) = —2 when
3r+1=-2,
that is, when
r=—1.
So the domain of go f is
—1,1] = {1} = (~1,1].
Thus g o f is the function
gof:(-1,1] —R
1
r+1

Xr —
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2.13 For each z € R, we have
flg(@)) = f(z —3)

that is, f o g = ig.
For each = € R, we have
9(f(x)) = g(z +3)
=(x+3)-3
=
that is, g o f = ig.
Since go f = ig and f o g = ig, it follows that g is
the inverse function of f.

2.14 (a) This function is a rotation of the plane
through 37/2 anticlockwise about the origin.

(b) This function is a translation of the plane that
moves each point to the left by 2 units and up by
1 unit.

2.15 (a)
Y Y
1,,
N
1 @ 1 @
—1
(b)
Y YA
2,,
1 1
I,

2.16 (a) This function is a rotation (see

Exercise 1(c)) so we expect to find that f(R?) = R
Let (x,y) € R?%; then f(z,y) = (—y,z) € R?, so
f(R?) C R?

We must now show that f(R*) D R?.

Let (¢/,y') € R?. We must show that there exists
(z,y) € R? such that f(z,y) = (2/,y), that is,

¥ =—y and ¥y =ux.
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Rearranging these equations, we obtain
r=1vy and y= -2

So, for each (z’,') € R?, we have
(@",y) = fly, "),

thus f(R?) D R

Since f(R*) C R? and f(R?) D R?, it follows that

f(R?*) = R?, so f is onto.

(b) !

7

A

y=7-3x

The graph above suggests that f(R) = R. We now
prove this algebraically.

Let x € R; then 7 — 3z € R, so f(R) C R.

Let y € R; then we want to find = € R such that
y=7—3x.

7_
This gives z = Ty’ which is in R, so for each y € R

we haveyzf(LTy) So f(R) D R.

Since f(R) C R and f(R) 2 R, it follows that
f(R) =T, so f is onto.

(c) v

2
71——

y=z> —4dz+3

The graph above suggests that f(R) = [—1,00). We
now prove this algebraically.

Let z € R; then
f(z)=2% -4z +3
=(r—-22-1>-1.
So f(R) C [~1,00).
Let y € [—1,00). We must show that there exists
z € R such that f(x) =y, that is,

2?2 —4x+3=y.
This means that

(x—-2°=y+1,
and we can take = 24 /y + I, which is in R since
y+1>0.



So, for each y € [—1,00), we have y = f(2+ /y + 1).

Hence f(R) D [—1,0).
Since f(R) C [~1,00) and f(R) 2 [—1,00), it follows
that f(R) = [—1, c0).
Since f(R) # R, f is not onto.
(d) v )
51 /
g
l
, |
/ |
y |
|
|
|
l
— i 1 X
y=2r+3

The graph above suggests that f([0,1]) =
now prove this algebraically.
Let x € [0,1]. Then 0 <2 < 1,800 <2z <2, s0
3 <2x+ 3 <5. Hence f(x) € [3,5]. Thus
f([0,1]) € [3,5].

Let y € [3,5]; then we want to find = € [0, 1] such

-3
that y = 22 + 3. This gives x = yT Now

3,5]. We

~3
3<y<5,500§y—3§2,s00§y7§1. Thus

3
y , as required. So for each y € [3,5] we

have y = ( >, where 22 ¢ [0,1]. So

}
Slnce f([ ]) C [3,5] and f([0,1]) 2 [3,5], it follows
that f([0,1]) = [3,5]. So f is not onto.

2.17 (a) This function f is a rotation of the plane,

so we expect f to be one-one. We now prove this
algebraically.

= f(x2,y2); then
(—y2,72),

Suppose that f(x1,y1)
(—y1, 1) =
S0
—y1 = —y2 and x; = 9.
Thus (z1,y1) =
(b) The graph in the solution to Exercise 2.16(b)

suggests that f is one-one. We prove this
algebraically.

Suppose that f(z1) =
7—3.’E1 :7—31}2.

Thus x1 = 9, so f is one-one.

(x2,y2), so f is one-one.

f(z2); then

Solutions to the exercises

(c) The graph in the solution to Exercise 2.16(c)
suggests that f is not one-one. To show that this is
so, we find two points in the domain of f with the
same image. For example,

f(0) = f(4) =3,
so f is not one-one.
(d) The graph in the solution to Exercise 2.16(d)

suggests that f is one-one. We prove this
algebraically.

Suppose that f(xz1) = f(z2); then
21 + 3 =229 + 3.

Thus 1 = 9, so f is one-one.

2.18 (a) We have shown in Exercise 2.17(a) that f
is one-one, so f has an inverse, and we have shown in
the solution to Exercise 2.16(a) that

(wla yl) = f(yla _'T/))
so the inverse of f is the function

fHR? — R?

(@', y) — (', —2").

This can be expressed in terms of x and y as

fHR? — R?

(‘T7 y) — (ya _‘T)'

(b) We have shown in the solutions to

Exercises 2.16(b) and 2.17(b) that f is one-one and
that

y:f<7_—y>, for y € R.

3
Hence f has an inverse
ffL:R—R
Ty
A o
This can be expressed in terms of z as
ffL:R—R
7T—x
T

(c) We have shown in Exercise 2.17(c) that f is not
one-one, so f does not have an inverse.

(d) We have shown in the solutions to
Exercises 2.16(d) and 2.17(d) that f is one-one and
that the image of f is [3,5]. We also showed that

y=f<yT_3>, for y € [3,5].

Hence f has an inverse

ft:03,5 — [0,1]
y—3
This can be expressed in terms of x as

78,5 — [0,1]
r—3

Xr —
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2.19 (a) Since any number in the domain of g has
an image under g which is in R, and hence in the
domain of f, the domain of f o g is the domain of g.

Also,

(fog)(:c)=f<$2—1_4> :7—3(ﬁ).

Hence the composite is the function
fog:R—{2,-2} — R
3
x2 — 4
(b) Since any point in the domain of g has an image

under g which is in R?, and hence in the domain of
f, the domain of f o g is the domain of g.

Also,
(fog)z,y) = fly,z) = (—z,y).

Hence the composite is the function
fog:R* — R?
(@,y) — (=2,y).

r+— 7 —

3.1 (a) The negation can be expressed as ‘z = 2 is
not a solution of the equation 3z +5 = 0.

(b) The negation can be expressed as ‘r is greater
than or equal to 5.

(c) The negation can be expressed as ‘there is no
integer that is divisible by 3 but not by 6’, or,
alternatively, ‘every integer that is divisible by 3 is
also divisible by 6’.

(d) The negation can be expressed as ‘there is a real
number z that does not satisfy the inequality 22 > 0°.

(e) The negation can be expressed as ‘at least one
of the integers m and n is even’.

(f) The negation can be expressed as ‘the integers
m and n are both even’.

3.2 (a) The statement can be rewritten as ‘if
2?2 — 22 +1=0, then (z — 1)? = 0’. This is true.

(b) The statement can be rewritten as ‘if n is odd,
then n? is odd’. This is true.

(c) The statement can be rewritten as ‘if a given
integer is divisible by 3, then it is also divisible by 6.
This is false.

(d) The statement can be rewritten as ‘if z > 2,
then z > 4’. This is false.

3.3 (a) The converse is ‘if m + n is even, then m
and n are both odd’. The given statement is true,
and its converse is false.

(b) The converse is ‘if m + n is odd, then one of the
pair m,n is even and the other is odd’. The given
statement and its converse are both true.

66

3.4 (a) The two implications are ‘if the product
mmn is odd, then both m and n are odd’, and ‘if both
m and n are odd, then the product mn is odd’. Both
implications are true, so the equivalence is true.

(b) The two implications are ‘if the product mn is
even, then both m and n are even’, and ‘if both m
and n are even, then the product mn is even’. The
first implication is false, and the second is true. The
equivalence is false.

3.5 (a) Suppose that n is an even integer. Then
n = 2k, where k € Z, so
n? = (2k)* = 4k* = 2(2k?).

Hence n?

(b) Let m and n be multiples of k. Then m = ka
and n = kb, where a and b are integers. Hence
m+n=ka+kb=k(a+b).

Since a + b is an integer, we deduce that m + n is a
multiple of k, as required.

is even, as required.

(C) Suppose that one of the pair m,n is even and
the other is odd. Then one of them is equal to 2k and
the other to 2] + 1, for some integers k and [. Then

m4+n=2k+ 20 +1)=2(k+1)+1,
which shows that m + n is odd.
(d) Let n be a positive integer. We note that
n?+n=n(n+1).
Either n or n + 1 must be even, so n? + n is even, as
required.

(Alternatively, the implication can be proved by
considering two separate cases: the case where n is
even, and the case where n is odd. However the
above proof is shorter and simpler.)

3.6 (a) Taking m =1 and n = 3 provides a
counter-example, since then m + n = 4, which is
even.

(b) The number —3 is a counter-example, because
—3 < 2but ((-3)? —2)? = (9 —2)? = 7% = 49, which
is not less than 4.

(c) We look for a counter-example. Here is a table
for the first few values of n.

n |1 2 3
m41]5 17 65

Since 4% + 1 = 65 is not a prime number, it provides
a counter-example, so this implication is false.

3.7 (a) Let P(n) be the statement
142+ -+n=3In(n+1).

Then P(1) is true, since 1 = £1(1 + 1).

Let k > 1, and assume that P(k) is true:
1424+ k=3k(k+1).



We wish to deduce that P(k + 1) is true:
142+ 4+ k+(k+1)=3(k+1)(k+2).
Now
1424+ k+(E+1)
=1k(k+1)+ (k+1) (by P(k))
=(k+1)(3k+1)
=1(k+1)(k+2).
Thus, for k=1,2,...,
P(k) = P(k + 1).
Hence, by mathematical induction, P(n) is true for
n=12...
(b) Let P(n) be the statement
P25+ 40 =10 (n+ 1)
Then P(1) is true, since
=1 and 11°(1+1)=1
Let k > 1, and assume that P(k) is true:
P23+ 4k =2k (k+1)%
We wish to deduce that P(k + 1) is true:
P22+ 4k + (k+1)° =Lk +1)%(k+2)°
Now
B34+ B (k+1)°
=1°(k+1)*+ (k+1)* (by P(k))
= (k+1)2(3k* + (k+1))
=1k +1)%(k* + 4k + 4)
=Lk+1)2(k+2)>
Thus, for £k =1,2,...,
P(k) = P(k+1).
Hence, by mathematical induction, P(n) is true for
n=12...

3.8 (a) Let P(n) be the statement ‘42”73 + 1 is a
multiple of 5.

Then P(2) is true, because 42%273 + 1 =41 + 1 =5.
Now let k£ > 2, and assume that P(k) is true; that is,
42%=3 1 1 is a multiple of 5.
We wish to deduce that P(k + 1) is true; that is,
420+ 1)=3 9 — 42k=1 1 1 ig a multiple of 5.
Now
e L |
=16 x 423 +1
=15 x 4%F73 4 4263 4 g,
The first term here is a multiple of 5, and 42¢=3 + 1
is a multiple of 5, by P(k). Therefore 42*=! + 1 is a
multiple of 5. Hence
P(k) = P(k+1), for k=2,3,....
Hence, by mathematical induction, P(n) is true, for
n=23....

Solutions to the exercises

(b) Let P(n) be the statement 5" < n!.

Then P(12) is true, because 5'2 = 2.44 x 10% and
12! = 4.79 x 108, both to three significant figures.

Now let k > 12, and assume that P(k) is true; that is,
5F < kL.
We wish to deduce that P(k + 1) is true; that is,
5k < (k1)
Now
5FHL =5 x 5*
<5x k! (by P(k))
< (k+1)k!
=(k+1)!,
where we have used the fact that £ > 12, so
k+1>13 > 5. Hence
P(k)= P(k+1), for k=12,13,....
Hence, by mathematical induction, P(n) is true, for
n=12,13,....

3.9 (a) Suppose that there exist real numbers a
and b with ab > §(a® + b%). Then a® — 2ab + b* < 0;
that is, (a — b)? < 0. This is a contradiction, so our
supposition must be false. Hence there are no such
real numbers a and b.

(b) Suppose that there exist integers m and n with
5m + 15n = 357. The left-hand side of this equation
is a multiple of 5, so the right-hand side is also. But
this is a contradiction, so our supposition must be
false. Hence there are no such integers m and n.

3.10 Suppose that n = a + 2b, where a and b are
positive real numbers. Suppose also that a < %n and
b < %n. Then

n=a+2b< in+2(in)=n.
This contradiction shows that the supposition that
a < %n and b < %n must be false; that is we must
have a > %n orb> in.

3.11 (a) We prove the contrapositive implication,
which is
n is odd = n? is odd.

Suppose that n is odd. Then n = 2k + 1 for some
integer k. Then

nd = (2k+1)3
= (2k +1)(4k? + 4k + 1)
=8k +12k% + 6k + 1
= 2(4k® 4 6k2 + 3k) + 1,
which is odd.
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(b) We prove the contrapositive implication, which
is ‘if at least one of m and n is even, then mn is
even’.

Suppose that at least one of m and n is even;
without loss of generality, we can take it to be m
(since otherwise we can just interchange m and n).
Then m = 2k for some integer k. Hence mn = 2kn,
which is even.

(c) Let n be an integer which is greater than 1. We
prove the contrapositive implication, which is ‘if n is
not a prime number, then n is divisible by at least
one of the primes less than or equal to \/n’.

Suppose that n is not a prime number. Then n = ab
for some integers a,b, where 1 < a,b < n. By the
result of Example 3.15, at least one of a and b is less
than or equal to y/n. This number has a prime
factor, which must also be less than or equal to \/n,
and this prime factor must also be a factor of n. This
proves the required contrapositive implication.

3.12 (a), (b) and (c) all have the same meaning.
(d) and (f) have the same meaning.

(You may like to show that (a) is true, and hence
that (b) and (c) are true; that (d) and (f) are true,
but (e) is false.)

3.13 132 =169 and 172 = 289, so we need check
only the primes 2, 3, 5, 7, 11, 13.

221 is divisible by 13 (221 = 13 x 17), so it is not
prime.

223 is not divisible by any of 2, 3, 5, 7, 11 and 13, so
it is prime.
3.14 (a) This statement is true.
We have
n® —n=n(n*-1)=n(n—1)(n+1).

3 — n is even.

Either n is even or n + 1 is even, so n
(b) This statement is false.

For example, 6 + 4 is a multiple of 5, but 6 and 4 are
not multiples of 5.

(c) This statement is false.
For example, if § = 7/2, then
sin 20 = sinw = 0,
but
2sin 0 = 2sin(mw/2) = 2.
(d) This statement is false.
For example, f(0) = f(2) = 1.
(e) This statement is true.

We show that f o g is the identity on R — {0} and
that g o f is the identity on R — {1}.
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We have
(fw%ﬂf@+;)<Hi>l
" os R (0} —R- [0
Also,
@oﬁ@»—g(géi)_1+1ﬂ§jﬁ
=l+z—-1=x

and

gof:R—{1} — R —{1}.
Hence, from Strategy 2.1, g is the inverse of f.

3.15 (a) The converse is as follows.
If m — n is an even integer,
then m and n are both even integers.
(b) The original statement is true.
Suppose that m and n are both even; then
m = 2p, n = 2q,
Then
m—n=2p—2q
=2(p—q),
which is even.

where p, ¢ are integers.

The converse is false.
For example,
7—3=41is even,
but 7 and 3 are both odd.

3.16 (a) Let P(n) be the statement

1 1 1 -1
ix2 axs T T S T
Then P(2) is true, since

11 2-1

1x2 2 2
Assume that P(k) is true:

1 1 1 k-1

Ix2 o3t TR T T
We wish to deduce that P(k + 1) is true:

1 1 1 1
T2 3t TR oo TR
ok
T k41

Now
1 1 1 1
<2 ax3 T GZDkR T RETD
k—1 1
=% Ty PR
k=) +1)+1
B k(k+1)
2 k

kk+1) k+1



Thus, for k= 2,3,...,
P(k)= P(k+1).
Hence, by mathematical induction, P(n) is true for
n=273,...
(b) Let P(n) be the statement
32" — 1 is divisible by 8.
Then P(1) is true, since
3?-1=9-1=38,
which is divisible by 8.
Assume that P(k) is true:
32k — 1 is divisible by 8.
We wish to deduce that P(k + 1) is true:

32(k+1) _ 1 is divisible by 8.
Now
32(k+1) _ 1 — 3232k _ 1

=9x 3% -1
=8 x 3% 4 (3%F —1),
which is also divisible by 8, since P(k) is true.
Thus, for £k =1,2,...,
P(k)= P(k+1).
Hence, by mathematical induction, P(n) is true for
n=12...

3.17 Suppose that the given statement is false; that
is, there are real numbers a and b for which

(a+b)? < 4ab.

Then

a® + 2ab + b* < 4ab,
SO

a’ —2ab+b* <0,
SO

(a—1b)*<0.

But (a — b)? is a square, so cannot be negative. This
is a contradiction, so the given statement must be
true.

Hence
(a+b)*> > 4ab for all real numbers a and b.

3.18 (a) The contrapositive is as follows.
If n is not divisible by 3
then n? is not divisible by 3.
(b) Suppose that n is not divisible by 3. Then
n=3k+1 or n=3k+2,
for some integer k.
If n =3k 4+ 1, then
n® = 9k* + 6k + 1
=3k(3k+2)+1,
which is not divisible by 3

Solutions to the exercises

If n = 3k + 2, then
n® = 9k* + 12k + 4
=3(3K* +4k+1)+1,
which is not divisible by 3

Hence the contrapositive is true.
Hence the original statement is true.

3.19 (a) This statement is false.
For example, —4 < 3, but (—4)? ¢« 32
(b) This statement is false.
For example, if # = 1, then 22 — z = 0, not 2.
(c) This statement is true.
One value of z satisfying 22 — 2 =2 is . = 2.
(d) This statement is false.
P —zr=-ler®-—z+1=0
s @-1?+3=0,
which is not possible for any real x.
(e) This statement is false.

For example, if x =y = 1, then z/y and y/z are both
the integer 1.

(f) This statement is true.

We prove it by mathematical induction.

Let P(n) be the statement
P+2° 4+ 4n*=Inn+1)2n+1).

Then P(1) is true, since

2x3
6

Ix1x(1+1)(2+1) = =1=1%
Assume that P(k) is true:
12422+ + k= Fh(k +
We wish to deduce that P(k +
P 4224+ (k4 1)
= t(k+1)(k+2)(2k + 3).
Now,
PP422 4+ k7 (k4 1)
=itk(k+1)2k+ 1)+ (k+1)*> (by P(k))
Lk+1)(k(2k+1)+6(k+1))
Lk 4+ 1)(2k* 4+ 7k + 6)
(k+1)(k +2)(2k 4 3).

1)(2k + 1).
1) is true:

= o=

Hence
P(k)= P(k+1), for k> 1.

Hence, by mathematical induction, P(n) is true for
n=1,2,....
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(g) Let P(n) be the statement

(1_1> (1_1>...<1_1> _ 1
2 3 n 2n
Then P(2) is false, since
1—1#1.
Hence the statement is false.
(In fact, as you can check,
P(k) is true = P(k + 1) is true, for k > 2;

that is, step 2 of a proof by mathematical induction
works, even though step 1 does not.

The correct expression for the product is 1/n.)

4.1 (a) By Theorem 4.1, the coefficient of a®b* in
(a+0b)?is

9} 9  9x8xTx6
<4>_4!5!_4><3><2><1

= 126.

(b) By Theorem 4.1, the term involving z* in
(1+2x)5 is

5\ 11 4O oaa
<4>1 x (2z) f4!1!><2a:

so the required coefficient is 80.

4.2 (a) By Theorem 4.1, with b replaced by —b,
(@a—b)"
= (+ ()"

- (g) a" + (T) a" " (=b) + -

For n = 4, this identity is

SCNORERCHC

as expected.
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4.3 (a) For n =5, the Geometric Series Identity is
a® —b° = (a—b)(a* + b+ a?b* + ab® + b*).
(b) If n is an odd positive integer, then
(=b)" = (=1)"b" = —b",
SO
a —(=b)" =a"+b".
By Theorem 4.2,
a" — ()" = (a— (=b))(@" " +a""H(=b) + -
+a(=b)"7 + (=b)" 1),
S0, since n — 1 is even and n — 2 is odd,
a" +b" = (a+b)(a" ' —a" b+ ---
—ab" 4",
as required.
For n =5, we have
a® +b° = (a + b)(a* — a®b + a®b* — ab® + b*).

4.4 Using the corollary to Theorem 4.2, with a = 1
and r = %, we obtain

gn—1"
4.5 By the Polynomial Factorisation Theorem, x + 3
is a factor of p(z) if and only if p(—3) = 0, that is,
0=(=3)%+c(—3)%+6(—3) + 36
=—2749c— 18436
=9c—9.
This equation has just one solution, ¢ =1, so x 4 3 is
a factor of p(z) if and only if ¢ = 1.

4.6 (a) (i) Since all the roots are integers, the
only possible roots are the factors of 4, that is,
+1,42,4+4. Considering these in turn, we obtain the
following table.
z |1 -1 2 -2 4 4
p)|2 0 0 —16 20 —108

So the only solutions are x = —1 and = 2. In fact,
23 =322 +4 = (z+1)(z—2)(z —2).

(ii) Since all the roots are integers, the only possible
roots are the factors of —15, that is, +£1,+3, +5, +£15.
Considering these in turn, we obtain the following
table.

|1 -1 3 -3 5
plz) [0 —48 0 —192 0




We do not need to work out any more values, as we
already have three roots: x =1, x =3 and x = 5. So

2 —92% 4232 — 15 = (x — 1)(x — 3)(z — 5).
(b) A suitable equation is

(x —1)(z—2)(x —3)(x+3) =0,
that is,

at —3z% — T2 4+ 272 — 18 = 0.

4.7 (a) (a+3b)*

(3 ()orm (2
(o (o

= a* + 4a°3b + 6a%9b* + 4a270° + 81b*
= a* + 12a°b + 54a°b* + 108ab® + 81b*

(b) (1-t)7
MR ) 0+ (1)
(e (s (oo
(D) (e
=17t +21¢* — 35¢3 + 35t — 2145 + 7¢5 — ¢7

4.8 (a) The coefficient of a3b7 is

10 10 x 9 x 8
= — =120.
(7> 3 %2 0

(b) The coefficient of z!3

15) ,o _ 15 x 14
13)° 77 2

4.9 (a) This is a geometric series with a = 3,

x 4 = 420.

r = —% and n = 12 terms, so its sum is

12
(1-(-3)") 12
) gan- @)
12
=10-(G)")
~ 2.25.
(b) This is a geometric series with first term 1,
common ratio r = % # 1 and n + 1 terms, so its

sum is

B () -

b

Solutions to the exercises

4.10 (a) Putting x = 2, we obtain
16+4—26+6=0,s0x—2is a factor. Hence
223 + 2% — 132 + 6 = (z — 2)(22% + 5z — 3)
=(x—2)(xz+3)(2z —1).
(b) Trying integer values which are factors of 10, we
find that = 1 is a root, so x — 1 is a factor. Hence
23 4+ 622 4+ 32 — 10 = (z — 1)(2 + 7z + 10)
=(x—1)(x+2)(x +5),
so the solutions of 23 + 622 + 3z — 10 = 0 are 1, —2
and —5.
(C) :1:2—|—x:y2+y =
We note that = = y is a solution, so x — y is a factor.
Hence

2 —yttar—y=(r-y)(z+y+1),
soxr=yorx=—y—1.

2oyt —y=0.

4.11 (a) If the sum of the roots is 0 and the
product is —30, then the cubic polynomial must be of
the form

% + cx + 30,
If x = 3 is a root, then
274 3c+ 30 =0,

so c = —19.

for some c € R.

Hence the polynomial is 2% — 19z + 30.
(b) We know that = — 3 is a factor. Hence
23 — 192 + 30 = (z — 3)(2* + 3z — 10)
=(z—3)(z —2)(z +5),
so the other two roots are 2 and —5.
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